In frequency-hopping systems, there should be a wide frequency-hopping gap between two adjacent frequencies in case the received signals are prone to be interfered by staying at one frequency point for a long time. In this paper, a bound on the maximum partial Hamming autocorrelation of widegap frequency-hopping sequences (WGFHSs), two bounds on the maximum partial Hamming correlation of WGFHS sets, two bounds on the maximum Hamming correlation of WGFHS sets with low hit zone and two bounds on the maximum partial Hamming correlation of WGFHS sets with low hit zone are derived. Moreover, the proposed bounds are tighter than the Eun-Jin-Hong-Song bound, Zhou-Tang-Niu-Udaya bounds, Peng-Fan-Lee bounds and Niu-Peng-Liu bounds in the sense that they can be achieved by the parameters of some WGFHSs. To the best of our knowledge, these bounds are obtained for the first time in the literature.
I. INTRODUCTION
Frequency-hopping (FH) communication, as one of the common spread spectrum communication [10] methods, has been widely used in CDMA communication system, smart grid, bluetooth, ultra-wide band (UWB) communication, radar system (please refer to [11] - [16] for more details) and so on. In FH communication systems, it is usually required that the mutual interference between transmitters as low as possible. However, the degree of the mutual interference heavily depends on the Hamming correlation of frequencyhopping sequences (FHSs) [45] . Therefore, the Hamming correlation function becomes an important criterion for judging the performance of FHSs. During these decades, numerous research results of the Hamming correlation of FHSs have been reported (see [2] , [4] , [38] - [44] , [48] - [52] , and the references therein).
In practical applications, due to the limited synchronization time and complex hardware, the correlation window length of FHS is less than the period of FHS. In fact, we often select a part of FHS, that is, select a correlation window to calculate the value of its Hamming correlation function. Such Hamming correlation function is called the (periodic)
The associate editor coordinating the review of this manuscript and approving it for publication was Zilong Liu . partial Hamming correlation function. Moreover, the length of the correlation window may vary with the channel conditions. In general, the partial Hamming correlation [7] - [9] is more suitable than full-period Hamming correlation for measuring the performance of the FH communication systems. Obviously, the study on partial Hamming correlation of FHS is not only of great theoretical significance, but also of potential application value. In 2004, Eun et al. [1] first established the bound of the maximum partial Hamming autocorrelation of a single FHS. Zhou et al. [3] made a subsequent contribution by developing the bounds on the maximum partial Hamming correlation of FHS sets. Unfortunately, due to the difficulty of the research on partial Hamming correlation of FHSs, although scholars have studied it earlier, there are few research results [6] - [8] , [27] .
In the asynchronous FH communication system, it is expected that each FHS does not collide throughout the entire period, but there are few FHSs satisfying the conditions. Nevertheless, in QS-FH-CDMA communication system, the received signals between the receiving end users exist a certain relative delay, as long as the relative delay does not exceed a fixed value, there will be no collisions in their frequency slot. On this basis, in 2003, the concept of frequency-hopping sequence with low hit zone (LHZ-FHS) was first proposed by Ye and Fan [17] . In recent years, VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ the study of LHZ-FHS has attracted the attention of many scholars. Some bounds of LHZ-FHS [5] , [6] , [18] , [19] , [46] , [47] have been established, and numerous constructions of LHZ-FHSs (please refer to [20] - [27] for example) have been reported. FH communication technology is an evasive anti-jamming technology [28] . If the user stays in a certain frequency slot for too long, the received signals are vulnerable to be interfered. In addition, with the rapid development of modern information technology, communication users dramatically increase, the link environment has become complex and changeable, and the complex interference has been continuously upgraded. Therefore, the performance of conventional FH communication system has reached the bottleneck, facing numerous new problems. Such as the urgent need to improve spectrum utilization of the communication system, the urgent need to enhance the network capacity of the system, and the urgent need to improve the system of comprehensive antiinterference ability. In order to alleviate the dilemma caused by the above problems to people's increasing demand for wireless access, the wide-gap frequency-hopping sequence (WGFHS) was proposed [29] , [34] . The basic idea is that if the spectrum span of the adjacent frequency of a user is large enough, even if a certain frequency hopping signal falls into the interference frequency band, the adjacent frequency hopping signal will not be interfered, and the interfered information can be recovered by coding.
Different from the partial Hamming correlation of traditional LHZ-FHSs, there is no study on the partial Hamming correlation of WGFHSs with low hit zone in the literature at present. However, for certain application scenarios where adjacent frequency gap is required to be greater than a specified value, the low hit zone of WGFHSs with good partial Hamming correlation properties are very important. This is a new research direction combining the low hit zone WGFHSs with partial Hamming correlation which can be used as one of the future research focuses in FH communication field. Furthermore, WGFHSs are advantageous in resisting single frequency narrowband interference, partialband blocking interference, tracking interference and multipath fading. Therefore, it is necessary to consider the partial Hamming correlation of WGFHSs with low hit zone, rather than the partial Hamming correlation of LHZ-FHSs. The objective of this paper is twofold. One is to generalize the four bounds [1] , [3] , [5] , [6] of FHSs to the case of WGFHSs. Another is to show that these proposed bounds are tight in some cases.
The outline of this paper is organized as follows. In Section II, we will review partial Hamming correlation function, LHZ-FHS set, partial Hamming correlation of LHZ-FHS set, and wide-gap frequency-hopping sequence. We will also introduce Eun-Jin-Hong-Song bound, Zhou-Tang-Niu-Udaya bounds, Peng-Fan-Lee bounds and Niu-Peng-Liu bounds. In Section III, we will generalize the Eun-Jin-Hong-Song bound of FHS to the case of WGFHS, generalize the Zhou-Tang-Niu-Udaya bounds of FHS sets to the case of WGFHS, generalize the Peng-Fan-Lee bounds of FHS sets to the case of WGFHS, and also generalize the Niu-Peng-Liu bounds of FHS sets to the case of WGFHS. Some examples of low hit zone WGHFS sets with optimal partial Hamming correlation are given in Section IV. Finally, the conclusion of this paper is drawn in Section V.
II. PRELIMINARIES A. PARTIAL HAMMING CORRELATION FUNCTION
In this paper, let F = {f 0 , f 1 , · · · , f −1 } denote an alphabet of size , where is a positive integer. Let F be a set of all frequency-hopping sequences (FHSs) of period N over F. For any two FHSs X = {x 0 , x 1 , . . . , x N −1 } and Y = {y 0 , y 1 , . . . , y N −1 } in F, their Hamming correlation H X ,Y at a shift τ is defined by
where h[a, b] = 1 if a = b and 0 otherwise, and the subscript addition operation is performed modulo N . Let S be a subset of F containing M sequences. The maximum Hamming autocorrelation H a (S), the maximum cross-correlation H c (S) and the maximum correlation H m (S) are defined as follows, respectively: 
where 0 ≤ τ < N , 0 ≤ j < N and 1 ≤ L ≤ N . In particular, the H X ,X (τ ; j|L) is called the partial Hamming autocorrelation function if X = Y , and the partial Hamming cross-correlation function if X = Y . When j = 0 and L = N , the partial Hamming correlation function in equation (2) becomes the traditional (periodic) Hamming correlation function in equation (1) .
For any two distinct FHSs X , Y ∈ S, the maximum partial Hamming autocorrelation P a (L) and the maximum partial Hamming cross-correlation P c (L) are defined as follows, respectively:
As early as 2004, Eun et al. [1] established the following bound of the maximum partial Hamming autocorrelation for a single FHS.
Lemma 1 (Eun-Jin-Hong-Song bound, [1]): Let X be an FHS of period N over an alphabet of size , then for any correlation window length L
where is the least nonnegative residue of N modulo .
Obviously, the Eun-Jin-Hong-Song bound in (3) includes the Lempel-Greenberger bound [2] as a special case for L = N . Later, in 2012, Zhou et al. [3] derived the following bounds of the maximum partial Hamming correlation for an FHS set.
For any FHS set S, the maximal partial Hamming correlation for a correlation window length L is defined by
Lemma 2 (Zhou-Tang-Niu-Udaya bounds, [3]): Let S ⊂ F be a set of M FHSs of length N over an alphabet of size . Define I = MN / , then for any correlation window length
and
Note that the Zhou-Tang-Niu-Udaya bounds in Lemma 2 include the Peng-Fan bounds [4] as a special case for L = N .
B. FREQUENCY-HOPPING SEQUENCE SET WITH LOW HIT ZONE
Firstly, we give the definition of the low hit zone of the (periodic) Hamming correlation for frequency-hopping sequences.
Definition 1 ( [5] ): For any FHS set S, let integers H a (S) ≥ 0, H c (S) ≥ 0, then the low hit zone (LHZ) L HZ , the autocorrelation low hit zone (ALHZ) L AHZ , and the crosscorrelation low hit zone (CLHZ) L CHZ are defined as follows, respectively:
Note that the low hit zone of S is called the no hit zone (NHZ) of S if H a (S) = H c (S) = 0. Moreover, an FHS set S with L HZ > 0 is called an LHZ FHS set.
In 2006, Peng et al. [5] derived two bounds of the maximum Hamming correlation of FHS sets with low hit zone.
Lemma 3 (Peng-Fan-Lee bounds, [5] ): Let S ⊂ F be a set of M FHSs of length N over an alphabet of size , and L HZ be the low hit zone of S with respect to constants H a (S) and H c (S), then for any positive integer Z , 0 ≤ Z ≤ L HZ , we have
Simplifying the inequalities above, we have
It is clear that the Peng-Fan-Lee bounds in (6) and (7) include the Peng-Fan bounds [4] as a special case for Z = N − 1, and also include the Lempel-Greenberger bound [2] as a special case for
C. PARTIAL HAMMING CORRELATION OF FREQUENCY-HOPPING SEQUENCE SET WITH LOW HIT ZONE
Considering the properties of the partial Hamming correlation and LHZ-FHS sets, we have the following definition.
Definition 2 ( [6] ): For a given correlation window length 
In particular, the LHZ, ALHZ and CLHZ of S in Definition 1 are the special case of the PLHZ, PALHZ and PCLHZ of S in Definition 2 for j = 0 and L = N , respectively.
Definition 3: Let X , Y ∈ F be any two distinct LHZFHSs, for any FHS set S ⊂ F and any correlation window length L, the maximum partial Hamming autocorrelation of LHZFHS set P La (L), the maximum partial Hamming cross-correlation of LHZFHS set P Lc (L) and the maximum partial Hamming correlation of LHZFHS set P Lm (L) are defined as follows, respectively: VOLUME 7, 2019 In 2009, Niu et al. [6] deduced two bounds on the maximum partial Hamming correlation of LHZ-FHS sets.
Lemma 4 (Niu-Peng-Liu bounds, [6] ): Let S ⊂ F be a set of M FHSs of length N over an alphabet of size , and L PHZ be the PLHZ of S with respect to constants P La (L) and P Lc (L), then for any given correlation window length L (1 ≤ L ≤ N ) and any positive integer Z (0 ≤ Z ≤ L PHZ ), we have
Note that the Niu-Peng-Liu bounds in (8) and (9) include the Peng-Fan-Lee bounds in (6) and (7) as a special case for L = N , including the Peng-Fan bounds [4] as a special case for Z = N − 1 and L = N , and also include the Lempel-Greenberger bound [2] as a special case for Z = N − 1, M = 1, L = N = I + , where 0 ≤ < .
D. WIDE-GAP FREQUENCY-HOPPING SEQUENCE
In the literature, the (broad-sense) wide-gap frequencyhopping sequence was defined as follows [30] - [36] .
Definition 4: For every FHS X = (x 0 , x 1 , . . . , x N −1 ) of period N over an alphabet of size , and a given integer D, if
then X is called a wide-gap frequency-hopping sequence (WGFHS) with a minimum FH gap D.
III. NEW BOUNDS ON WIDE-GAP FREQUENCY-HOPPING SEQUENCE SETS
In this section, we will deduce a new bound on the maximum partial Hamming autocorrelation of WGFHSs and two new bounds on the maximum partial Hamming correlation of WGFHS sets, then we will deduce two new bounds on the maximum Hamming correlation of WGFHS sets with low hit zone, and finally deduce two new bounds of the maximum partial Hamming correlation of WGFHS sets with low hit zone. These results play an important role in the construction of WGFHSs.
A. NEW BOUND ON THE MAXIMUM PARTIAL HAMMING AUTOCORRELATION OF WGFHSS
Theorem 1: Let X be a WGFHS of period N over an alphabet of size , then for any window length
where is the least nonnegative residue of N modulo . Proof: The average out-of-phase value of H X ,X (τ ; j|L) is given by
By Definition 4, it is clear that H X ,X (1) = H X ,X (N − 1) = 0. Then, referring to the method in [37] , we have
This completes the proof. It is obvious that new bound in (10) includes the generalized Lempel-Greenberger bound for WGFHSs in [37] as a special case for L = N . Based on the bound above, we define the optimality of X in the following.
Definition 5: For a given correlation window length L (1 ≤ L ≤ N ), a WGFHS X ∈ F is optimal if X meets the equality (10) in Theorem 1.
B. NEW BOUNDS ON THE MAXIMUM PARTIAL HAMMING CORRELATION OF WGFHS SETS

Lemma 5 ( [4]): Let S be a set of M sequences of period N over an alphabet of size . Define I = MN / , then we have
X ,Y ∈S N −1 τ =0 H X ,Y (τ ; 0|N ) ≥ M 2 N 2 and X ,Y ∈S N −1 τ =0 H X ,Y (τ ; 0|N ) ≥ (2I + 1)MN − (I + 1)I .
Theorem 2: Let S ⊂ F be a set of M WGFHSs of length N over an frequency library of size . Define I = MN / , then for any correlation window length L
Proof: Let X , Y ∈ S be any two WGFHSs. For each
Then one has
On the other hand
Combining equalities (13) , (14) , and Lemma 5, we arrive at the conclusions in (11) and (12) . This completes the proof.
Note that the bounds in (11) and (12) include the generalized Peng-Fan bounds for WGFHS sets in [37] as a special case for L = N . Similar to Definition 5, we also give the definition of the optimal WGFHS set as follows.
Definition 6: For a given correlation window length L (1 ≤ L ≤ N ), a WGFHS set S ⊂ F is optimal if it meets one of the equalities of the bounds in Theorem 2.
C. NEW BOUNDS ON THE MAXIMUM HAMMING CORRELATION OF WGFHS SETS WITH LOW HIT ZONE
Let S be a set of M sequences of period N over an alphabet of size . For any X , Y ∈ S and any low hit zone L HZ ( (17) Proof: For any two WGFHSs X , Y ∈ S, and any low hit zone L HZ (1 ≤ L HZ ≤ N − 1) of S, by Definition 1, we have
Lemma 6: For any low hit zone L HZ
Then, by the definition in (16) and Definition 4, it follows that 
Now we will give a lower bound for Q i (L HZ ).
Lemma 9: For any i
Proof: For simplicity, let u S j (f i ) = u j . According to the definition of Q i (L HZ ) and d i , we have 
Assume that all u 0 , u 1 , · · · , u N −1 are real numbers. We will solve the minimum value q i (L HZ ) of Q i (L HZ ) that satisfies the constraint equation (19) by Lagrange multiplier method. Firstly, we consider the following function:
then calculating the partial derivative of H (u 0 , u 1 , · · · , u N −1 , λ) with respect to u j , we obtain ∂H (u 0 , u 1 , · · · , u N −1 , λ) ∂u j = u j−τ , j = 0, 1, 2, · · · , N − 1.
Summing up the above equations with respect to j from 0 to N − 1, we have
which can be obtained that
Therefore, the solution that minimizes Q i (L HZ ) is the solution of the following system of equations, i.e.,
Multiplying both ends of the equations (20) by d i , we have u j u j+τ = 2q i (L HZ ). Therefore, we arrive at
This implies the desired result. Lemma 10 ( [5] ): Let I = MN / , and g i > 0 (i = 0, 1, · · · , − 1) be positive integers which satisfy
and −1 i=0
The following lemma gives a lower bound for Q(L HZ ). Proof: According to Lemma 9, we have
And also by Lemma 7, we obtain
Thus, combining the above equality and Lemma 10, the conclusion holds.
The following theorem follows immediately from the inequality (17) in Lemma 6 and the inequalities (23), (24) in Lemma 11. 
It is obvious that the bounds in (25) and (26) include the bounds in (11) and (12) as a special case for 2L HZ = N − 1 and L = N , including the generalized Peng-Fan bounds for WGFHS sets in [37] as a special case for 2L HZ = N − 1, and also including the generalized Lempel-Greenberger bound for WGFHSs in [37] as a special case for 2L HZ = N −1, M = 1, N = I + , where 0 ≤ < .
D. NEW BOUNDS ON THE MAXIMUM PARTIAL HAMMING CORRELATION OF WGFHS SETS WITH LOW HIT ZONE
Theorem 4: Let S ⊂ F be a set of M WGFHSs of length N over an alphabet of size , and L PHZ be the PLHZ of S with respect to constants P La (L) and P Lc (L), then for any given correlation window length L (1 ≤ L ≤ N ) and any partial Hamming correlation low hit zone L PHZ 
Proof: For any two WGFHSs X , Y ∈ S, the average out-of-phase values of H X ,Y (τ ; j|L) are defined as follows:
By applying Lemma 6 to P La (L) and P Lc (L), it follows that
Combining inequalities (23), (24) , and (29), we can easily draw the conclusions in (27) and (28) .
Note that the new bounds in (27) and (28) include the bounds in (25) and (26) as a special case for L = N and L PHZ = L HZ , including the generalized Peng-Fan bounds for WGFHS sets in [37] as a special case for 2L PHZ = N − 1 and L = N , and also including the generalized Lempel-Greenberger bound for WGFHSs in [37] as a special case for 2L PHZ = N − 1, M = 1, L = N = I + , where 0 ≤ < .
IV. SOME EXAMPLES OF OPTIMAL WGHFS SETS MEETING THE PROPOSED BOUNDS
In this section, we will give several WGFHS sets S meeting the bounds developed in Section III. Therein, a bound given by (10) and two bounds given by (11) and (12) are new bounds of the maximum partial Hamming correlation for WGFHSs. Another two bounds given by (25) and (26) are new bounds of the maximum Hamming correlation for low hit zone WGFHS sets. In addition, the last two bounds given by (27) and (28) are new bounds of the maximum partial Hamming correlation for low hit zone WGFHS sets.
A natural question one would ask is whether these bounds are optimal in the sense that they can be achieved by the parameters of some FHSs. The WGFHS sets in Tables 1,  2 and 3 via some computer programs give a positive answer to this question. Before doing this, we give a brief introduction to some notation. ''Yes'' indicates that the parameters achieve the equal sign of the above new bounds, and ''No'' indicates that the parameters can not achieve the equal sign of the above new bounds. The following examples show that our bound in Theorem 1 improves the conventional Eun-Jin-Hong-Song bound, and our bounds in Theorem 2 improve the conventional Zhou-Tang-Niu-Udaya bounds.
Example 1: By exhaustive search, there is a set S consisting of 350 WGFHSs with frequency gap D = 1 of period 8 over an alphabet of size = 5, then for a given correlation window length L = 7, we obtain that P a (L) = 2. The right side of the Eun-Jin-Hong-Song bound is equal to Similarly, computing the right side of the new bound given by (10) , we obtain
Therefore, the WGFHS set is optimal with respect to the new bound, while it is not optimal with respect to the Eun-Jin-Hong-Song bound. Example 2: By exhaustive search, there is a set S consisting of 350 WGFHSs with frequency gap D = 1 of period 8 over an alphabet of size = 5, then for a given correlation window length L = 6, we obtain that P m (L) = 2. For any pair of WGFHSs in the above set, the right side of the Zhou-Tang-Niu-Udaya bounds are respectively equal to
Similarly, computing the right side of the new bounds given by (11) and (12) Therefore, the WGFHS set is optimal with respect to the new bounds, while it is not optimal with respect to the Zhou-Tang-Niu-Udaya bounds.
The following example shows that our bounds in Theorem 3 improve the conventional Peng-Fan-Lee bounds. Similarly, computing the right side of the new bounds given by (25) and (26) Therefore, the WGFHS set is optimal with respect to the new bounds, while it is not optimal with respect to the Peng-Fan-Lee bounds.
The last example shows that our new bounds in Theorem 4 improve the conventional Niu-Peng-Liu bounds. Similarly, computing the right side of the new bounds given by (27) and (28) Therefore, the WGFHS set is optimal with respect to the new bounds, while it is not optimal with respect to the Niu-Peng-Liu bounds.
V. CONCLUSION
In this paper, Eun-Jin-Hong-Song bound, Zhou-Tang-Niu-Udaya bounds, Peng-Fan-Lee bounds and Niu-Peng-Liu bounds were generalized for wide-gap FHS sets. It turns out that these bounds are tighter in some cases. It would be interesting to find algebraic or combinatorial constructions leading to infinite families of optimal wide-gap FHSs meeting the proposed bounds. The reader is invited to join to find such a construction.
